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EMPIRICAL BAYES. POINT ESTIMATES OF TRUE SCORE USING
> t- R
A COMPOUND BINOMIAL ERROR MODEL

p Jack Kefrns .

‘Educational Testing Service

. L Abstract ~ /
4 - .

Edptricel Bayes point'estimates of.true score may be sbtained if the
distrlbutlon of observed rscore for a- fixed examlnee 1s approx1mated in
‘one of Several ways by a well known compound b1nom1al model. ‘;he Bayes
estimates of true score may Ee expressed in terms of the observed gscore,
dlstrlbutlon and the d1st butlon of a hypothetlcal binomlal test. The
latter distribution is ﬁound by use of the compound binomial approx1ma—.
tion formula and'from relationships which exist between Baxes estimates
and unoonditional probabilities'of observed SCore. Empirical Bayes
point estimates are obtained by use of the sample observed seore

4 N - .

distribution. , -




. EMPIRICAL BAYFS INT&FQTIMA%ES OF TRUE SCORE USING

A, COMPOUND BENOMIAL ERROR MODEL'l 2 ‘o >

! v

Jack Kearns/ . e

: Educatidnal Testing Service ¥

[ »
L et e s
ecently vthe emplrlcal Bayes approach ha° been applled to certaln

problems in menta} test theory. Empirical Bayes procedures are based
e s

upon the Bayes assumptlon of prlor d1str1butldns, ﬁut utlllze empirlcal

1nformation/1n lieu ofpmaking spec1f1n d1str1but10nal assumptions. Several

. “~

g

mental test theory appllcations have conceptuallzed the distribution of
true scores ab a prior.distribution. These have igsluded methods for

the estimation of the true score distribution lLerd, 1969] and.methods

for-obtalning point est1 tes- of true -score [Meredith, 1971 Médredith &

Kearns, 1973}. Both of these appr@achesgunm:USed "strong" .true score
v

theory assumptions [cf. Lord & Novick, 1968, Part 6] which specify.theb

“form of'the conditional distribution bt observed scores for a fixed true

[ ‘ -~

. score, i.e., the error or propensjty distribution for an individual.

Point estlmatlon methods have vonoentrated upﬂn the development 01

’ 3
¢

estimates which are asymptotlcally optimal, i.e., estimates wh;ep ap-
ptoach a Bayes point estlmator as ‘the sample size becomes increaslngly &

large. @hese estlmates requlre essentlally no a_priori assumptions about
4
.the true score distrlbution (occas10nally some very general as.,umptionu are
made ). The Bayes point estimators are highly advantageous in that they
. { .
. .

minimize the overall expeEted squared error loss. This implies that the

lPr ented at the l97h Spring MPetan of the Psychometric uociety,
Stanford iversity, March ©8-29, 19Th.

I am indebted to Frederic M. Lord for a eritical reading of this
paper and t¢ Dorothy T. Thayer for 1mplementing the necessary computer:

s
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Bayes point estimates are as reliable A8 any other type of seore fef.

.

R ’ Meredith & I(earns, 1975, Section vI]. The speed with wh1ch the empirical

Bayes point estimator willk approach the Bayes p01nt estimator will depend .
=N v, e
upon various characteristics of the propens1ty and true...sco%e distributiong

-
A w <

but in general, the samples must be reasonably large to prov1de estimtes .

which are superior to the maxmyum likellhood estlmates (observed score)

- M

!)

An alternative approach has involved various smoothing proce%ures which

have been shown to reduce overall expected loss considerably for relatively

' small samples, and are generaliy superior to the use of observed scores, "

3 ' -

but are not asymptotkcally optimal.

. The point estimation- problem has been explored for assumed Pqissdn

&

and binomial error distributions. This study will extend this approach

- L

to the compound binomial error distributlon ised by Lo:r:d (1965, _19698

.

which is applicabla, to a fairly ‘large class of nonspeeded binary item tests
Let XN {>e the random variable, taking on pa‘.rticular values X
which represent scores on an - N iten tegt. Let T be the proportion

corpect true score nandomhvariable.with particular'valnes v ((0<T <.l ).

If g(r) is the distribution of true scores,” and f(xlT) is the error

- ! " distribution, then the regression of T on X 1is3 given by
-
. RS ¥ : ' ' .
. " ' 1 .
. ) ’ , . V4 . oo, ' ;/
o . o etalosmar

-

(1) - e(Tlx) = / #h(r|x)dr = Ol L
" o 4 [ eldmgtren
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where h('rlx) is the ‘/postenor" distributlon of T, given x . 1f it :}7.1'3
. // 3 -

. possdble to calculate (l), this posterior mean is equivalent to the Bayes

point estimator of / T Awhich minlmlzes the overall expected sqpared error,
? . . . . .
. . . s \4
loss [Maritz, 1970, P. 43, y . .
. / 7
/ / .
"If an 1ndiv-},duAl's responses to the N items are experime tally -

. * oot
independent with a veetor of probabilitles of passing ¢ =*¢ k (g-=

..,N ), then) f(xi'r is a compound binomial distrlbutién, where
. ¥

. : s
: \Qg" This ,dist.ri’qution depends upon the vector ¢ but may be
g=l ~ ] '

0

expressed in terms of r as a finite series [Lord 1969]

‘) pytxle) - ( v - ". e By (o,mealuT)

.+ -5-V (‘9 T)CB(X’T) + Vh(" T) QJ" "gve(‘”,’r)]

.y (o 1) - %sz (,7)V5(2, T)1c5<x,-r)

[} . . - -

. (N .terms)
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“ )
T 'rx((l,‘-- T)N-\x' © 0 <x <N
#

py(xI7) =

gtherwise

- ' - #
v ' ° .
Lord hes studied approximetions which retain qnly‘ﬁhe'first few.tefmsnof

. KN .
(2) anglapproximate the Vr(?,T) by functions of T - .

(3) . "VQ(Q;T) = V2(T).= %% (1 -7)

0
&4

.

Y
4

where . k is a constant which must be estimated.. Ve shall'consider here
the epproximation obtained by retaining only the First two terms If
solely the first term is ‘retained, (?) reduces to the binomial error

model, which must be discussed first.

y

THE BINOMIAL ERROR MODEL-’
SN o

When f(xlt) is binomial (N,7) [cf. Robbins, 1955], equation (1)

’

becomes _ : 4 S

.
~

1 Pl Y

W ey e - M

where the values of pN(x) are the probabilities of the unconditional
distribution of observed scores. With information from only N items,

this regression is indetermanate [Lord & Novick, 1968, p. H514] since the

s

distribution ropreuented by thv values of Py, 1(x + l) ic unknowm.

Bayes point estimates ‘of T are nbtained by congidering outcomes for
. . . .

b

only the first N : 1 items, i.e

4
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\ X e . ' 2
o\ )
“"' . | ‘ * -5- ~.. > .
- S PR T & L Py(x * 3) - | .
: (5) aN-l(T‘XN-l =x)="x Py () B )
R . ~ . " . ,& . .

If the items are truly equlvalent, then any item may be deleted to obtain
“ such.’an estihate. The substitution of sample proportions in (5) for the
values of pN(x + 1)- and Py- l(x) gives one an asymptgt&sally optimal

N

empirical Bayes éstimator.
"Meredith and Kearns [l973] have developed a procedure for assigning’

Bayes point. estimates to 1nd1v1duals who obtain a given score on the N
’ !
item test» “This depends upon the following reoult for the binomial

distribution [cf. Lord & Nov:.ck}.l5 1968, p. 365, Corollary]

X .- llXN
xlxw =

. ® P[Xy 1

’ . P“[XN-l

: z|>5

|
s

]

This conditional distrlbutlon is 1ndependent of the parameter T , and

- a

. hence is valid for the entlre population Sf individuals. If we wet X' =X,

v

but treat XN- as a random varlable which can assume only the two valueu

. . ° .

x and x - 1, then the expeeted value of ;N TIXN ) conditional '

o upon XN = x 1is
. |

' (1) ele, l(T)Ix] = eyl (T [y = xor x = 1)y = x] | )

Fd
’5.:. -
o

. o . ,.«.)5 \ _ _ N - X = )
: T ‘ L e (ThXy ;= 1) + =5 &y (T Xy-1 x).

N

[

This ic a population estimate which may be assigned to an individual on
e » '

the bagis of his score on the entire N. item test. This estimate is
~ .

+

_baged upon information from only N items. It is not to be identified

e
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with the regression estimatel of (4). which requireg information from N + 1

items in orderyto be determined. The estlmate of (7) contains no more

a

information than the regression estimates of (5) It represents a
probabilistlc assignment pased upon the distribution of (6), to one of
two pbssible outcomes on an N - 1 item test obtained by Beleting ag

item. Meredith and Kearns [1973] used this result to obtain the estimate
i

o " .

~
oy

Caldma s

N g . ) ~.

)

i

M=

'f(xN =

1

4 ; .
where the supergcript (i) indicates that item 1 ‘has been deleted. This
4

equation combines results from all possible item deleted subtests and re- N
duces the overall expected loss when the. e(TlxN i= x') are egtimated
- R . -4 »

empirically. This assignment p;ocedure‘ma& be‘extendedAto.outcomeﬁton an

.

N + 1 item test, i.e., o B

®) 5N+1[8N-1(T) Ix] = '€N+1[€N-1(T|XN-1 =% x - 1, or x - 2)[Xg,,,= x]

=ﬁ—&fﬂNteN-a<T>l>&v=xl o

-(N

>6N - 1<T> by =

. ’

Again, this estimete contains no more informatlon than (7) or (5).
With increasing N , there is a corresponding increase in the -

number of moments ( N ) of the true score distribution which may be ob—

tained from the obSeryed score distribution [lord & Novick 1968 p. 5Ll] .

@ . 9




The true score distribution can never be hniouely‘determined, but, with
increasing N , the class of possible true sCore dlstributions becomes , -

* . -

s increasingly restricted. In addition, the relative amount of 1nformationr
\ .

. . sacrificed by using the estimate of {5) decreases. In this context, the

£ estimate of (7) may be seen as appropriate for }N'= x', but based upon

an inadequate amount of information about the true score distribution.
The amount of informalion needed for the regression in (&) is .equivalent ’

J ]
fewer items (as in.

t

B to that obtained with N'+ 1 items. Since the Zizgfnment procedure of 1
(7 may be extended to Bayea estimates obtained

)(8)), it becomes possible to observe the way in which, for fixed X, =%,

- N

* these assigned estimates chinge as a function of increasing N . If this. S

o functionai relation is suff1c1ently regular, it should be possible t?iiv
fitia gurve. for severél'values <N and extrapolate to N *1 . Thié
- extrapolated e;timate anould be a close approximation to -the-nonidentifiable
" estimate of (u):' ' ‘ -‘:g \tu ‘ '

n . N

THE COMPOUND BINOMIAL ERROR MODEL

- T

4 -
»

‘ . o . P v
The, two term approximation of (2) using the additionam'approximation

-

of (3) may be written, in terms of T , 88
v . . ’ . ‘

) . 2‘¢+ -
. g (9) PN(XIT) = pN(xlT) + kr(l - 71) ° vio (_l)V l( 3 )PN:Q(X - vrT) .

Inrd [L 965, 969] suggests pbtaining k such that the cor{elation betWeen

true and observed/éggre/is equal to the aquare root of the Kuder Richardson
« A . rd % .
formula-20 reliability. This velue of k 1is

i

0 . - -




£

;o(11) ¢ PN(x) =-/ PN(XlT)g(T)dt

N - 1)di T A - B

(10) k= : .o .

Q[pX(N - ux) - oi - Noi']L
{

2 . ‘
where and .0- are the mean and variance of KN , and oi "is the

variance of the item difficulties. The unconditional distribution of XN :
. I 4

v
\

is, using (9),. L. ,

%i ' \\\\

1

0]

2 T 4_'
=Py (x) +k = (- l)v+l( 3 ) (x.- V+Nl(?l(l\—] 1"))( + v -1)

—O dee

y > R £ ~

From the detinition following (2), pN;e(x - vl'r O unless 0<x -v<N-2.

e p—e

onsequently, fn equation (11), pN(x - vyt l') is equal to zero under
the same conditions, i.e. ) when X )< v or.x>N-2+v . With the

value of k obtained from (10"), equation (11) represents N+ 1 - .

«

equations in the N + 1 unknowns, pN(x) .

<

Let- , , . -

. , . ’
FN(TIX) = g (Tl = x)x X _ ' .

for the compound bingmial test, ang ,

¢

eN(T ) = (T |x1\T

for the hypothetlcal blnomial error test whose dlstrlbﬁlon is represented

+

-

by the values of pN(x) . o« Then the Bayes _point estimate of T ,- obtained

_.py substitution of (9) into (1), is

t : . . . .
¢

7 | i1 ‘ | J




/L ’ o -
LN ‘v .:’_“
o * -9~ ( L '
/ ~ A . ' -
.1 L N L , e )
[ TPy (X|T)g(7)d7 oo e e
0 . ’ ; L L )
(}2) Ey [Tlx] = 1/ : g )
, [ rxnsea 4{
.0 :
/ o
i [xr i (x+l)+{k ?: (-1 ¢ 2.) ‘
. - P )
oo ~ € ¢ N + L TN+l ve0 v
‘ i : 7 C N (x_v+2)(x _‘v+l)(N-x+v-]_) (x_v&z)]]
Y : T, (N + L)N(N - 1) Predt™
2 w+l, 27
Loy (x) + & (- )7 ()
, . v:O
~
~ (x—v+l)(N-x*v-Q\ ) +1]l
Lo« ) k N(N _ l) p (x v M
Dividing through by pN(x) and letting
\,
’ L, XN X
A(x) “K ¥ - 1
. - .
‘ - ' " R [
B(x) = k Ax + 1)(N’- x -Al),[ (x ' l) ’ =
: *) = N - 1) P (%),

~

x - N - x + pN(x - l)
o) = 1 E Ry Ly

we may write (12) ac

’ s

A(x)Ey (lx) - B(x)ey (Tlx + 1) - c(x)g (t] x - 1)
3 (2 T - T A(x) - B(x) - C(x) e

.

T
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may beWobtainediby ‘solution oflthe.set of N +1
s . N l\. . .o .

- - »

equatlbns g;ven by (ll) ‘ &‘ ' .- Lo
¢ A X ',~“ : ’ P

" The praoedures outllned 1n the prev1ous sectlon may be useg tpiestimate
. - - ' :

SN(Tlx)\‘w1th the ﬁvilow;ng necessary mndaflcatldn .The probab1l1t1es

PNHl(x) uSed in (5) can be obtalned in" the case of a b1nod&él error -

d1str1bution, by deletlng any item and’ observ1ng the d1str1but10n
.

Alternatlvely GQuatlon (6) may be uSed to‘wrlte '
v / oy v 9 . \'n) N

8] A . w \

Ly . oN >

- (14) L PN l(X) = > pN(X) + —"iﬁ—'pN(x +1)

- -~

N

This equatlon may pe used in the cas‘,of the hypothetlcal valuis of
p (x) - determlned by (ll) The extrapolated estimates of SN(Tlx) may

be found by the 1nd1cated procedure and substltuted 1nto (13). .
| 1f, as‘1s the usual case;\We have only sample estlmates of the B
P (x) ; ‘the estlmatlon procedure must be examlned W1th regar%ito sampling -
varlablllty and 1ts effect upon the overall e;pected\squared -error 1loss,
./

Wh1ch is' a random var1able over repeated sampling [cf. Marltz, l970]
lm‘l )

Th1s is the emp1r1cal Bayes situation which we shall consider next.

" . L. - .

? EMPIRICAL BAYES ESTIMATES = -
. .

Simple empirical Bayes estimates may be obtained for‘the regression

“of (lB) by substltutlon of . sample proportlons, B (x) ,ﬂfor the P (xj T

of equation (ll) Howeger, these are not likely % ve the best estlmates
%

e1n terms' of mlnlmlzlng the Qverall expeqted squared error loss [cf.p'

Marltz, 1970, pp. 17- 18] unless sufficiently large samples are used.

I




~

. ™ ) e
S, Several empirical Bayes estimators have been.proposed which can
= . : L . - ) .

. ' mlnlmlze th1s loss for- small or moderate sémples andiare applicéable yo.

\

' the blnomlal error model [Lemon & Krutchkoff, - 1969, Grlffln & Krutchkoff

Y

-y Ty "
S )97 Copas, 1972 Bennett. & Martz, l9fé Meredlth & Kearns,,l973]

A

/ ”‘ » However, whlle these procedures generally have~des1rable small sample_;

’

S ’ propertles, Ehey are not usually “the best procedures for extremely large

o samplés, 1\e., they are not asymptotically. optimal HOWever, two of .

these methods [Lemon & Krutchkoff, 1969; Bennett & Martz 19721

R approach asymptotlc optimality as N —am,,and are approx1matlons of (h)
t P
rather than (5). The advantage of these. two smoothlng procedures is there-
* fore a functlon of the size of the sample relative to the value of N . A

. . 'S
partlcular method may be advantageous dependlng upon the

acterlstlcs of the ngirlbutlon of t we scofes.. All of these procedures L

may. be used to estimate SN(T|x) from the pN(x) obtalned from (ll%”’*w

particular char-

An additional emplrlcal cons1derat1on is the stability of the ratios

o . (x + l) (x - 1)

- . ' -——(T’ &né.' [ ——“(_)__ ] needed fo

*

 ratios are estimated by substitution of the values of pN(x) , they are

B(x){ and C(x) . If these

ulte large.

S . likely to increase sampllnggerror unless the sample is q

Lqrd [1959] has'shown that the recurrence relatlon ‘
: R % -
s ) i -

5 . i)
e (T|x - 1)

: o _ y
° - . p, (x
. . N-x+ 17N
(5) ey(Tlx) =1 17 5 N
' . ) i
4 - ’ ) /

holds for X = 1, -e@,N in the:population. This represents 'Nq,equations

in N +.1 unknown and reflects the indeterminacy discussed in terms of

equation (4). For sufficiently large sauples, #e should require that the

14

-
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“and C(x) if estimates of Sﬁ(Tlx) ‘aré available, i.e.,

- - o - By . - N .
T PN(X- l) /1 "1 - E:N(T IX) . . '

e, .‘fpﬁ.(x,) = N-x+1 " 7Tlx - l) )

' distribution obtained from (11) are shown. These values are also presented

i ’ l1p- @ *

estimates of € (Tlx) satisfy thé constraints represented by (l5)
r"

Alternatively, equation (l5) prov1des a method for estimating - B(x)

]

o

- e o . _ ST
aey,  mE” D on )L - ey(The) - <
' oy (%) x+ 171 - g(This 1) o e
| Eﬁ Y . “ P
and ' : . .

Gorgide,
L “e APPLICATIONS .

[ , i

¢ ~

)
»

An example is taken from Mered1th and Kearns [1975] The data represent

a sample of 77l8 respondents on an 11- item subtest selected from items of the

» .

School and College Ability Test. The items were selected to.have approxi-

- LN Cr . 2
mately equal item difficulties. The computed, value of o Was .000859.

Table 1 gives results for the binomial error model assumption. The
assigned estimate§ corresponding to (7) are shown along with exten31ons
8 [
(as in (8?) based upen information from 1N* items’ ( N*< N ). In addition,

the extrapolated estimates of the regre331on functlon are given. The
extrapolated estimates for this-and the folldw1ng example were obtained by
fitting a quadratie curve to the "last"wfour p01nts, i.e., for N¥

equal to " N. -‘l- N -2, N -3,.and N - ‘4 . Table 2 shows the re-

-

sults for the compound b1nom1al error model .using the same data The o7
- <
assigned and eﬁtrapolated estimates for the hypothetical binomial error

%

in Figure 1. The empirical Bayes estimates corresponding to (l3) are

+

ALY

e / R
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e hoWn for both (a) substltutlon of the values of P (x) and (b) usg of
: » . | %
© e (l6) and (17) to estimate B(x) and C(x) . Since the items arg’ so
e

S1mllar 1n difficulty, it is not surpr1S1ng that these estimates cor-
R k\z 7

» respond Very closely to those in Table 1.

- »

T “ i A second example from Lord [1965] uses one of the S1xtecn dis-
5@ tributions analyzed in that study (N =25 ,” Gi = 035 , k= 2. 1 ’

sample size = lOOO).' Table 3 gives the results of applying both the com-

pound binomlal and binomial models.' For all estimates‘there is a general
. \ = )
., lack of monotonicity which reflects the smaller sample gize (and larger"/~

. ' number of items). In additiorn, the estimates appear quite erratic where

the frequencies are small (near x =0 ). ThlS suggests that a smoothing’w

v ! procedure should be used. Note that the results of the binomial and
.compound binomlal are s1mllag, although both are Jagged.,; ‘ ]
.; - :The-snoothing procedpre of Lemor and Krutchkoff [1969] was applied

B , ing the p (x) of Table 3. ThlS procedure essentially obtains estimatés
i . _by smoothing the p (x) . The estimates appropniate for the binomial- .

distribution are | - N '
. : . ;
| ' - [E Ly - e o : //

. . % Eﬁ(Tlx) ; i=0 it i .
| | £ B, 0% - 2N ’
i it -

. . i=0 L .
' '

3

where i =1,...,n refers toa sumation over the sample and %_ is
i
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‘some estimate of true score for individual.‘i .' Following ILemon ahd/
X . . .

..Krutchkoff thg 1n1t1al estlmatg of T is T%" and an.iterated smoothed '

est{;ate is obtained by setting % equal to the 1n1tial smoothed esti-“y.
) mate, 8§(T|x . The 1terated §ﬁoothedrest1mates are shown in Table L albng
with the cbrrespondlng compound binomidl estimates using (16).and (17).
e

Thesevqstimaags apﬁear quite smooth and exhiblt monotonlclty throughout

.o the range of X .°

~ ; \ ) ' ks
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